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with 
x;) E R, r= 1.2 ,..., n, i=1,2 ,..., m-l. 
In order to find the stationary points of the objective function, we compute and 
equate to zero its partial derivatives, obtaining the following (m - 1)n x (m - 1)n 
linear system: 
c $)$ = b” 
4’ 
where 
p= 1,2 ,...) n, o= 1,2 ,..., m- 1. 
If we order the elements of the unknown vector by increasing values of the indexes 
(starting from those denoted by the superscript), the coefficient matrix is a block-diagonal 
matrix. So with low computational effort it is possible to compute the 
diagonal matrices Di, i = 1,. . , m, which combine in the optimal way the given 
splittings Mi. 
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Poincar&s Inequalities and 
Hermitian Completions of Certain Partial Matrices 
by JEROME DANCIS5 
In the 1980s a popular problem has been to try to complete a partial specified 
Hermitian matrix to a Hermitian matrix with prechosen inertia. 
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DEFINITION. A park12 Herhtian matrix A is one in which some entries are 
specified and others are left as free variables (and aij = u$ among the specified entries). 
A Hermitian matrix F = (fjk) is a completion of such a matrix if F = A at the specified 
entries. 
Of course, the inertia of a Hermitian completion of a partial Hermitian 
n x n matrix must be consistent with Cauchy’s interlacing theorem and Poincare’s 
inequalities, that is: 
DEFINITION. The inertia of a Hermitian matrix H is a triple In H = (T, Y, 6) 
consisting of the numbers of positive, negative, and zero eigenvalues of H. We let 
r(H), v(H), and 6(H) denote the three coordinates of In H. 
POINCA~S INEQUALITIES. For each principal submatrix K of a Hermitian matrix F, 
T(F) > T(K) and v(F) 2 v(K), (1) 
T(F) + 6(F) > (K) +6(K) and v(F) +6(F) 2 v(K) +6(K). (2) 
FALSE CONJECTURE 1. Given any partial specified Hermitian matrix I? and any 
possible inertia (a, Y, 6) which is consistent with Poincare’s inequalities, there is a 
Hermitian completion F of R with In F = (T, Y, 6). 
For some partial specified Hermitian matrices eoery possible inertia (?r, Y, 6) which 
is consistent with Poincard’s inequalities is indeed the inertia of some Hermitian 
completion; Theorems 10 and 12 provide examples. That Poincare’s inequalities are not 
enough to classify the possible inertias of all Hermitian completions is demonstrated by 
Counterexamples 3 and 11 and by Lemma 9. 
PROBLEM 2. Find the inertias for the set of all possible Hermitian completions of a 
given partial specified Hermitian matrix. 
COUNTEREXAMPLE 3. Let us consider this two-band Hermitian matrix: 
4 0 0 a* b* 
0 0 0 1 c* 
S(a,b,c) = 
100 0 
This matrix S(a, b, c) is always invertible [and In S(a, b, c) = (3,2, O)]; this is a conse- 
quence of Theorem 5. But interlacing alone only implies that Rank S(a, b, c) > 2. 
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A partial answer for Problem 2 is Theorem 4 (after some background). 
DEFINITION. A maximal submatrix within a partial Hermitian matrix is a 
(Hermitian) principal s&matrix which is maximal among the specified Hermitian 
principal s&matrices. 
Crone, Johnson, Sa, and Wolkowicz [9] generalized the concept of a block band 
matrix to that of a C-partial Hermitian matrix when G is a chordal graph. In [9], they 
used this to show that there is a positive definite completion (positive semidefinite 
completion, respectively) of any G-partial Hermitian matrix R when G is a chordal 
graph and all the principal maximal submatrices of R are positive definite (positive 
semidefinite and the main diagonal of R is specified). (Chordal graphs are defined in 
[9]; for this paper the reader may think of them as a generalization of block band 
matrices.) 
THEOREM 4 (Johnson and Rodman [lo, Corollary 61). Let A be a partially specified 
Hermitian n x n matrix with a chordal graph such that (i) all the maximal speci$ed 
principal s&matrices are invertible or (ii) there is an invertible Hermitian completion F,, 
of A. Then given any possible inertia (a, Y, 0) which is consistent with Poincare”s 
inequalities, there is an invertible Hermitian completion F of A with In F = (x, Y, 0). 
Johnson and Rodman’s paper [lo] leaves open the question of choosing inertias for 
singular Hermitian completions of partially specified Hermitian matrices even when all 
the specified principal matrices are invertible. Theorems 10 and 12 are partial answers. 
In [3], we presented some inequalities which are generalizations of PoincarC’s 
inequalities and Cauchy’s interlacing theorem. Some of our inequalities are listed in 
Theorem 5: 
THEOREM 5 (Dancis [3]). Let R, be the leading principal (n - r) x (n - r) 
submatrix of an n x n Hermitian matrix H. (Notation: 0 r = 0 E C ‘.) We set 
A = DimKerR - Dim[(Ker R1) @ or] fl Ker H. 
Then 
(a) r(H) 2 X( R,) + A and 
(b) v(H) 2 v(R,) + A. 
Theorem 5 implies that the kernel of a positive semidefinite matrix must contain 
the kernel of each of its principal submatrices, and hence: 
COROLLARY 6. Let F be a positive semidefinite completion of any Hermitian n x n 
matrix R with maximal s&matrices R,, R,, . . . , R,. Let lk: (domain of Rk) + C”, 
k= 1,2,..., s, be the natural coordinate-preseroing injection maps. Then (using the 
nondirect sum of subspaces) 
KerF> Z,(KerR1) + Zz(KerRz) + ... +Z,(KerR,). 
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Clearly, the inertia of every Hermitian completion of a matrix must be consistent 
with Theorem 5. Counterexample 3 demonstrated the importance of Theorem 5 when 
one is trying to determine the possible ranks of Hermitian completions of partial 
specified matrices. 
CONJECTURE 7. Given any partial specified Hermitian matrix R with a specified 
diagonal and any possible inertia (x, v, 6) which is consistent with Theorem 5, there is a 
Hermitian completion F of R with In F = (a, v, 6). 
Counterexample 11 will demonstrate the necessity of the condition that the main 
diagonal is specified in the statement of Conjecture 7. 
In Theorem 8 all the possible inertias are determined by Theorem 5. For a given 
block-diagonal matrix, one can specify which subspaces of the kernels of the 
given blocks are to be “preserved” or “included” in the kernel of the completion: 
THEOREM 8 (Dancis [2]). Gioen s Hermitian matrices K,, K,, . . . , K,, with inertias 
In Ki = (ri, vi, Si). Let each ni = ri + vi + 6,. and let n = Eni. Let S be a block- 
diagonal matrix with K,, K,, . . , K s as the blocks on the main diagonal. Choose any 
subspaces Vi of Ker K,, and let Ai be the codimension of Ui in Ker Ki. For 
any nonnegative integers a, Y, and 6 such that n = T + v + 6 and 
r >, max(ri + Ai}, v 2 max(vi + Ai}, and 6 2 c(Si - Ai), 
there is a Hermitian completion F of S with 
InF= (?r,v,6), andeach Ui= KerFfl (O,Ker&,O). 
Additional results on Hermitian completions of band matrices or partial Hermitian 
matrices appear in [5-lo]. The basis for the proofs of Theorems 4, 10, 12, and 13 
(on completing band matrices) is an examination of the situation for bordered matrices: 
BORDERED-MATRIXHYPOTHESIS. Let H, be an (r - 2) x (r - 2) Hermitian matrix. 
Let v and w be vectors in C’-‘, and let a and b be real numbers. Set 
and H3 = 
and let H(z) be the bordered matrix 
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DEFINITION. H(z) is called a one-step compl&on of H(0). 
Using Theorem 5 as a basis, we classified the kernels of bordered matrices in [4]. 
One of the seven cases in [4] is Lemma 9: 
LEMMA 9 (Dancis [4]). Gioen the bordered-matrix hypothesis, suppose that 6( H,) = 
6( H,) + 1 and 6( H3) = 6( H2) or 6( H,). Then there is a unique number z0 such that 
(a) In H(z) = In H, + (1, 1, - 1) for all 2 # zO; also 
S(z) = 6(H,) = “(HI) - 1, V(2) = V(H1) + 1, 
and 
KerH1 > KerH(z) = KerHz; 
and 
(b) In H( zo) = In H3 + (O,O, 1); also 
Ker H ( zo) > Ker H, U Ker H, . 
REMARK. In this example, it is possible to obtain completions with Rank H(z) = 
Rank H, or Rank H(z) = 2 + Rank H, only; Rank H(z) = 1 + Rank H, is not possi- 
ble. Thus there is a gap in the possible ranks of the Hermitian completions. 
This gap does not occur in Theorems 10, 12, and 13. Also, in Theorems 10 and 12, 
all the possible inertias that are consistent with PoincarC’s inequalities may be achieved. 
THEOREM 10. Let R be a G-partial Hermitiun n x n matrix, where G is a chordal 
graph and the muin diagonal of R is specifwd. Suppose that all the specifwd principal 
submutrices of R are invertible. For any potential inertia (r, Y, 6), x + Y + 6 = n, which 
is consistent with Poincarc?s inequalities, there is a Hermitian completion F of A with 
In F = (x, Y, 6). 
COUNTEREXAMPLE 11. Let 
where x = R(2,2) is unspecified. 
REMARK. We note that this matrix R satisfies all the hypotheses of Theorem 10 
except that the main diagonal is not specified. All completions of R have rank > 2, and 
the conclusions of Theorem 10 cannot be achieved. Thus Counterexample 11 demon- 
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strates the necessity of the condition that the main diagonal is specified in the statement 
of Theorem 10. 
DEFINITION. An n x n matrix R = (rjk) is an m-band matrix with bandwidth m if 
rik = 0 for all 1 k - j 1 > m. 
REMARK. For band matrices we only require that the maximal principal submatri- 
ces be invertible in order that we may freely choose the inertia (Theorem 12). 
THEOREM 12. Given a Hermitian m-band n x n matrix R. Suppose that each of the 
maximal s&matrices of R is an invertible matrix. For any potential inertia (7r, v, A), 
x + v + 6 = n, which is consistent with Poincare”s inequalities, there is a Hermitian 
completion F of R with In F = (?r, v, 6). 
THEOREM 13 (Possible ranks for positive semidefinite completions). Let R be a 
C-partial Hermitian n x n matrix, where G is a chordal graph and the main diagonal of 
R is specified. Suppose that each of the maximal submatrices R 1, R,, . . , As (of R) i.s a 
positive semidefinite matrix. Then there is a positive semidefinite completion F of R with 
Rank F = x if and only if x is consistent with Corollary 6 and Poincart?s inequalities. 
Being consistent with Corollary 6 implies [using the natural coordinate-preserving 
injection maps Ik : (domain of Rk) + C”, k = 1,2, . . , s] that 
T 6 n - Dim[ Z1(Ker RI) + Z,(Ker Rz) + ..* +I,(Ker R~)] . 
Counterexample 11 demonstrates the necessity of the condition that the main 
diagonal is specified in the statement of Theorem 13. 
The “Standard” Method for Constructing Hermitian Completions 
Given a G-partial Hermitian matrix R when R is a chordal graph and the main 
diagonal is specified. According to Lemma 4 of [9], the chordal graph structure provides 
an inductive completion process such that each induction step is a one-step completion 
of a bordered matrix. At each one-step completion, desirable matrix properties may be 
“transferred” and “propagated” from the matrices H, and H, to their bordered matrix 
H(z). The H, and H, of a one-step completion are often the H(z) of an earlier 
bordered matrix. 
This “standard” method was the method used in the proofs of Theorems 4, 10, 12, 
and 13. 
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On the Spectral Theory of 
Matrix Polynomials with Nonnegative Coefficients 
by K.-H. F6RSTER’ and B. NAGY’ 
1. Introduction 
Many spectral properties of a manic matrix polynomial 
L(X) = $ - x’-‘A[_, - .*. - XA, -A,, hE@, (1.1) 
where Al_,, . . , A,, A, are n x n matrices, can be analyzed with the help of its first 
companion matrix 
r0 I 
I 
0 0 
c= : : 
0 0 
Ao 4 
This is an nl x nl matrix. It is known, e.g., that the spectra of L and C coincide. 
Assume now that ali matrices Aj (j = 0, 1, . ,1 - 1) are nonnegative (i.e., all entries 
0 . . . 
I . . . 
0 . . . 
(1.2) 
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